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h i g h l i g h t s
• Collective dynamics of coupled Brownian motors is investigated.
• The velocity of Brownian motor varies with the frequency of the driving force.
• Collective effect and ratchet behavior coexist in coupled Brownian motors.
• Collective effect can generate directed transport in the symmetric system.
• Control of collective transport is possible by changing the external parameters.
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a b s t r a c t
The transport properties of coupled Brownian particles in a two-dimensional rocking
ratchet are investigated via Langevin simulation. The results show that the average center-
of-mass velocity ismulti-peaks function of the frequency of the driving force. Furthermore,
in the 2D coupled Brownian motor system there are the collective effect and ratchet
behavior, which can switch depending on the frequency of driving force. It turns out that
the cooperative effect between the interaction of coupled particles and external rocking
driving force facilitates collective directional motion and energy conversion.
© 2013 The Authors. Published by Elsevier B.V.
1. Introduction
Brownian motors have attracted enormous interest in the last few decades owing to its wide range of potential tech-
nological application, including micro and nanoscale technologies, as well as its relevance in biology and chemistry [1,2].
These systems, also called Brownian ratchets, can rectify the nonequilibrium fluctuation into directed transport of Brownian
particles in an asymmetrical periodic potential without any net external force or bias [3,4].
Many physical situations involve a finite number of interacting particles in periodic potential and acted upon by some
external force. Studies of coupled Brownian motors are of great importance in many research areas, such as molecular
motors [5–11], DNA translocation through a nanopore [12,13], friction [14–17], diffusion of dimers on surfaces [18–22],
and arrays of Josephson junctions [23,24], to name but a few. Klumpp et al. [7] considered a multiplicative potential
fluctuation in the case of strong coupling. Igarashi et al. [25] investigated the efficiency of energy and transport properties
of elastically one-dimensional and two-dimensional coupled Brownian motors. Wang et al. [11] investigated the roles of
ratchet and cooperative effect in transport processes of two coupled particles. Jülicher et al. [26] introduced a theoretical
model to describe the cooperative behavior of large ensembles of motors which were attached to a backbone and found the
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cooperation of a large number of particles could lead to dynamical phase transition and instabilities, and then generated a
directedmotion even if the systemwas symmetric. Csahók et al. [27] investigated a coupled rocking ratchet model; Derényi
et al. [28] studied the motion of finite size walk in a fluctuating potential. These studies reveal that many particle system
may exhibit new features, such as phase transitions, spontaneous ratchet effect, and negative mobility [29,30].
In this paper, we focus on the transport mechanisms of coupled Brownian particles in two dimensional rocking ratchets
via numerical approaches and qualitatively explain the multi-peaked dependence on the frequency of the driving force.
Furthermore, we find that ratchet movement and collective effect can coexist in this system.
2. The model
We consider N elastically coupled Brownian particles moving in an asymmetrical periodic potential, which is subjected
to both the unequilibrium fluctuation and thermal noises. The dynamics of the N elastically coupled Brownian motors is
written as
x˙i(t) = −∂U(xi, yi)
∂xi
+ k(xi+1 − 2xi + xi−1)+
√
2Dξi(t)+ εi(t) (1)
y˙i(t) = −∂U(xi, yi)
∂yi
+ k(yi+1 − 2yi + yi−1)+
√
2Dξi(t)+ εi(t) (2)
where ξi(t) is Gaussian white noises with zero mean and correlation ⟨ξi(t)ξj(t ′)⟩ = δijδ(t − t ′),D is the intensity of white
noise (temperature), and k is the coupling constant. Since the boundary condition of particles is free, the forces due to springs
of Eqs. (1), (2), are k(x2 − x1 − l) and k(y2 − y1 − l) for the first particle, and k(xN−1 − xN + l) and k(yN−1 − yN + l) for the
N-th particle, where l denotes the natural length of the spring.
The external driving is considered to be a rocking force. The particle is subjected to a driving force with a square-wave
form along the x direction, i.e.
εx(t) =

A nτ ≤ t ≤

n+ 1
2

τ ,
−A

n+ 1
2

τ ≤ t ≤ (n+ 1)τ
(3)
with a period τ larger than the time scale of the Brownian particle in the bath environment but smaller than the diffusion
timeof the particle over the potential barriers. And the frequency and the amplitude of the external driving force areω = 1/τ
and A, respectively.
Here y is a no-transport variable, which is coupledwith the reactive coordinate x through two-dimensional (2D) potential
U(x, y) [31]
U(xi, yi) = V (x)+ 12C(x)y
2, (4)
where
V (x) = − U0
2π

sin(2πxi)+ 14 sin(4πxi)

, (5)
and
C(x) = exp[νV (x)]. (6)
Here V (x) and C(x) are two periodic functions of the variable x with the same periodic length L = 1.0. U0 controls the
barrier height of ratchet potential. The form of C(x) is chosen to be Eq. (6) in order to observe a strong coupling between
x and y degrees of freedom. For any given x, a slice of the potential along the direction of y is a parabola, and this parabola
becomes wide and narrow, periodically. The U(x, y)with ν = 2.5 is plotted in Fig. 1. Note that if the C(x) is a constant, the
two-dimensional system is equivalent to the one dimensional case.
For 2D Brownian motors, we can use the effective potential approach (EPA) to reduce the 2D question to 1D one though
integrating variable y as follows:
V1(x) = −kBT ln
 ∞
−∞
dy exp

−U(x, y)
kBT

,
= V (x)+ 1
2
kBT ln

C(x)
2πkBT

. (7)
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Fig. 1. Two-dimensional ratchet potential U(x, y)with ν = 2.5.
In the EPA, the effective 1D Fokker–Planck equation and the continuity equation for the transport variable of the center-of-
mass xc are written [3,32]
∂P(xc, t)
∂t
+ ∂ J(xc, t)
∂xc
= 0, (8)
J(xc, t) = −kBT ∂P(xc, t)
∂xc
+

−∂V1(xc)
∂xc
+ εc(t)

P(xc, t), (9)
where P(xc, t) is the probability density and J(xc, t) is the probability current. By using the periodic boundary condition
P(xc, t) = P(xc + L, t) and the normalization condition
 L
0 P(xc, t)dxc = 1, P(xc, t) can be solved under the adiabatic
approximation. Thus the probability current is evaluated by
J(±A) = kBTψ−1[1− exp(∓AL/kBT )], (10)
ψ =
 L
0
exp{−[V1(xc)∓ Axc]/kBT }dx
 xc+L
xc
exp{[V1(y)∓ Ay]/kBT }dy. (11)
The time-averaged current is given by
⟨J⟩ = 1
2
[J(A)+ J(−A)] . (12)
Due to the internal degrees of freedomofmany-particles system, the problem is considerablymore complex than the single-
particle case. Therefore, the analytical treatment will be possible only in the situationwhen themany-particles problem can
be approximately reduced to a single-particle, namely, for asymptotically weak and strong coupling. Therefore, in order to
quantify the transport properties of N coupled Brownian motors, we solve numerically a set of the Langevin equations (1)
and (2) by using the stochastic predictor–corrector algorithm [33,34]. The transport process of 104 particles is simulated
and each trajectory consists 105 steps of integration with a time step△t = 10−3. The average center-of-mass velocity of N
coupled Brownian motors is determined by
v = lim
t−→∞
1
tN
N
i=1
 t
0
⟨x˙i(t ′)⟩dt ′. (13)
3. The results and discussion
In Figs. 2–4, we study the role of frequency of external driving force under different system parameters A,D, k. The re-
sults show the average center-of-mass velocity periodically varies with the frequency, and there are multi-peaks induced
by a dynamical resonance, which will disappear if the frequency of external driving force exceeds over a cut-off frequency.
According to the classical theory of harmonic crystal, we know that the crystal lattice oscillates about the equilibrium posi-
tion in a wave way with angular frequency ω0 and wave vector q, i.e., Aei(ω0t−qx). Therefore, a resonance-like phenomenon
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Fig. 2. (Color online) The average velocity of elastically coupled Brownian motors as a function of ω with different A = 1.0, 1.5 and 2.0 at fixed
D = 0.04, k = 2.0, ν = 2.5 and U0 = 1.0.
Fig. 3. (Color online) The average velocity of elastically coupled Brownian motors as a function of ω with different D = 0.01, 0.02, 0.03 at fixed
A = 1.5, k = 2.0, ν = 2.5 and U0 = 1.0.
is exhibited when the external frequency of driving force is equal to the intrinsic frequency of elastically coupled Brownian
motors. Thus we can call the resonance-like phenomenon as collective transport.
In order to characterize the collective dynamical of coupled Brownianmotor, in Fig. 5 we calculate the average center-of-
mass velocity of elastically coupled Brownianmotors as a function of A for different frequencies, respectively. Fig. 5(a) shows
that the transport of Coupled Brownianmotor is typical ratchetmovement for frequenciesω = 0.12, ω = 0.5, andω = 1.0.
On the other hand, Fig. 5(b) shows that the average velocities do not disappear when the ratchet effect is depressed by the
strong thermal or external noise forω = 0.04 andω = 0.18. For ratchet transport, the average velocity is a nonmonotonous
function of A. The tilt of the potential becomes steep if the amplitude of driving force is large enough; thus, the local minima
of the ratchet potential disappear. This case happens in the potential tilted toward to the right when A ≥ A1 = 0.75, and the
potential tilted toward to the left when A ≥ A2 = 1.5. If A < A1, in the both directions, the coupled particles will be trapped
in localminima of the ratchet potential; it is difficult for the coupled particles to climb up the energy barriers. If A1 ≤ A < A2,
the coupled particles move toward to the right direction in a large probability, but get trapped in a valley for tilted to the
left direction. If A ≥ A2, the particles do no longer encounter minima; the average current decreases because the selective
role of ratchet is decreased. However, for collective transport, the cooperative effect between intrinsic structures of coupled
Brownian motors and external unbiased driving can generate directed current in a complete symmetric periodic potential.
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Fig. 4. (Color online) The average velocity of elastically coupled Brownian motors as a function of ω with different k = 2.0, 4.0 and 6.0 at fixed
D = 0.04, A = 1.5, and ν = 2.5 and U0 = 1.0.
Fig. 5. (Color online) The average velocity of elastically coupled Brownian motors as a function of A for different resonance frequencies (ω = 0.04 and
ω = 0.18) and non-resonance frequencies (ω = 0.12, ω = 0.5, and ω = 1.0). Here D = 0.01, k = 1.0 and U0 = 1.0.
In particular, the external rocking force with resonance frequency acting on the elastically coupled particles leads to them
have different phases in time. This destroys the symmetry of coupled system and induces an inhomogeneity modulation.
This broken symmetry produces an ‘‘effective’’ asymmetric ac force on each particle, thus temporally asymmetry induces
directional motion. Accordingly, we can understand this maximums as resulting from the cooperation between two effects:
the enhancement in the ratchet effect and the collective transport. The above results indicate that dynamical control of
collective transport is possible by changing the external parameters. Namely, one can choose appropriate frequency and
amplitude of rocking force to enhance the transport efficiency without changing the structural properties.
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4. Summary
The transport properties of coupled Brownian particles in a two-dimensional rocking ratchet are investigated via
Langevin simulation. The results show that the average center-of-mass velocity is multi-peaks function of the frequency
of the driving force. Furthermore, in the 2D coupled Brownian motor system there are the collective effect and ratchet
behavior, which can switch depending on the frequency of driving force. We have shown that the transport behaviors
of coupled Brownian motors can be controlled by changing the external parameters. The collective effect induced by
cooperation between intrinsic structures of elastically coupled Brownian motors and external rocking force can generate
directed transport even if the system is symmetric. The origin of cooperation-induced directed transport in the symmetric
system is that effective forces induced by the resonant effect acting on particles with different phases destroy the symmetry
of elastically coupled particles. It turns out that the cooperative effect between the interaction of coupled particles and
external rocking driving force facilitates collective directional motion and energy conversion.
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